The second post-Newtonian ͑2PN͒ contribution to the ''plus'' and ''cross'' gravitational wave polarizations associated with gravitational radiation from non-spinning, compact binaries moving in elliptic orbits is computed. The computation starts from our earlier results on 2PN generation, crucially employs the 2PN accurate generalized quasi-Keplerian parametrization of elliptic orbits by Damour, Schäfer and Wex and provides 2PN accurate expressions modulo the tail terms for gravitational wave polarizations incorporating effects of eccentricity and periastron precession.
I. INTRODUCTION
Inspiraling compact binaries containing black holes and neutron stars are one of the most promising sources of gravitational radiation for both, almost operational ground based laser interferometric gravitational wave detectors such as the Laser Interferometric Gravitational Wave Observatory ͑LIGO͒, VIRGO, GEO600 and TAMA300 ͓1͔ and the proposed space-based Laser Interferometer Space Antenna ͑LISA͒ ͓2͔. To obtain an acceptable signal to noise ratio for detection in the terrestrial detectors, one needs to know a priori the binary's orbital evolution in the inspiral waveform ͓3͔ at least up to third post-Newtonian order beyond the ͑Newtonian͒ quadrupole radiation. However, for the measurement of distance and position of the binary, it may be sufficient to know the two independent gravitational wave polarizations h ϩ and h ϫ to only 2PN accuracy ͓4͔. Perturbative computation via post-Newtonian ͑PN͒ expansions of the binary orbit and gravitational wave ͑GW͒ phase are complete to order v 5 beyond the standard quadrupole formula. Extension of the PN perturbative calculations by another two orders, to order v 7 , is still not complete, because currently used PN techniques ͓5͔ leave undetermined a physically crucial parameter entering at the v 6 level in the gravitational wave flux ͓6͔. More recently ͓7͔, it has been shown that by employing several resummation techniques-to improve the convergence of the PN series-one could make optimal use of existing 2PN results to compute GW phasing. Resummed versions of 2PN accurate search templates may be just sufficient both for the detection and estimation of parameters of gravitational waves from inspiraling compact binaries of arbitrary mass ratio moving in quasi-circular orbits. For inspiraling non-spinning compact binaries of arbitrary mass ratio in quasi-circular orbits, both the 2PN accurate gravitational wave polarizations ͓8͔ and the associated orbital evolution have been explicitly computed ͓9-11͔. A 2.5PN accurate formula for the orbital phase as a function of time has also been obtained ͓12͔. These expressions are employed by various data analysis packages like LAL ͓13͔ to search for gravitational waves from inspiraling compact binaries.
The purpose of the present work is to obtain the ''instantaneous'' 1 2PN contributions to the two gravitational wave polarizations for compact binaries moving in elliptical orbits. On the one hand, these expressions for h ϩ and h ϫ represent gravitational waves from a binary evolving negligibly under gravitational radiation reaction, incorporating precisely up to 2PN order the effects of eccentricity and periastron precession, during that stage of inspiral when the orbital parameters are essentially constant over a few orbital revolutions. On the other hand, it is the first ͑and the necessary͒ step in the direction of obtaining ''ready to use'' theoretical templates to search for gravitational waves from inspiraling compact binaries moving in quasi-elliptical orbits. The effect of radiation reaction on orbital evolution and its consequence on these gravitational waveforms for compact binaries in quasi-elliptical orbits is under investigation and will be discussed in the future ͓14͔.
Galactic binaries, in general, will be in circular orbits by the time they reach the final stage of inspiral. However, there exist astrophysical scenarios where compact binaries will have non-negligible eccentricity during the final inspiral phase. We will next review various such scenarios, some of them speculative, relevant for both ground and space based gravitational wave detectors.
Let us first consider cases that should be important for ground based interferometers. Intermediate mass black hole binaries-with total masses in the range 50 M ᭪ рM р(a few)ϫ10 2 M ᭪ -may well be the first sources to be detected by LIGO and VIRGO ͓15,16͔. Many recent astronomical observations, involving massive black hole candidates point to scenarios involving such compact binaries in eccentric orbits. The discovery of numerous bright compact x-ray sources with luminosities LϾ10 39 erg/s in several starburst galaxies and rapid time variation of their x-ray fluxes implies massive black holes as their central engines. It is suggested that these observations may be explained by the merger of globular clusters, containing black holes with M Ͼ10 3 M ᭪ , with its host galaxy ͓17͔. However, 10 3 M ᭪ black hole present in the center of the globular cluster will have to be created by many coalescences of a у50 M ᭪ black hole with lighter ones and these binaries, in highly eccentric orbits, should be visible to ground based interferometers. This scenario may be contrasted with the one suggested in ͓18͔ which also involves compact binaries with high eccentricities. However, in this case, black hole binaries, weighing a few solar masses and residing in star clusters, get ejected from the cluster by superelastic encounter with other cluster members. These escaping binaries will have short periods and high eccentricities before merging. It is worth mentioning that numerical simulations dealing with supermassive blackhole formation, performed in the eighties, from a dense cluster of compact stars also indicate creation of short period intermediate mass black hole binaries in highly eccentric orbits ͓19͔.
Recently, there has been studies suggesting that spinning compact binaries may become chaotic ͓20͔. The analysis involves numerical evolution of two spinning point masses using 2PN accurate equations of motion. The interesting result, observed only for a very restricted portion of the parameter space, is that the outcome of the evolution is highly sensitive to initial conditions. It is also observed that binaries whose initial orbits are circular may later become highly eccentric. These preliminary results present yet another scenario where eccentricity may become important.
Many of the potential sources for LISA ͓2͔ will be binaries in ''quasielliptical'' orbits. We list them below, details and references to original papers may be found in ͓21͔. First, LISA will be sensitive to massive black hole ͑MBH͒ coalescence involving 10 3 to 10 7 M ᭪ black holes, up to 3 Gpc and beyond. It is likely that these binaries will be in eccentric orbits during inspiral, as they will be interacting with dense stellar clusters in the galactic nuclei where they usually reside. The second candidate involves compact objects orbiting MBH, where compact objects could be scattered into very short period eccentric orbits via gravitational deflections by other stars. Finally, LISA will be sensitive to thousands of binaries in our galaxy and many of these short period binaries will also be in ''quasi-eccentric'' orbits. Interestingly, LISA will be highly sensitive to black hole binaries containing primordial black holes of mass ϳ0.5 M ᭪ . These binaries are one of the speculative candidates for massive compact halo objects ͑MACHOs͒ ͓22͔. It is also shown that ͓23,24͔ the low frequency gravitational waves from black hole MACHO binaries in highly eccentric orbits would form a strong stochastic background in the frequency range 10 Ϫ5 HzϽ f Ͻ10 Ϫ1 Hz, where LISA will be most sensitive. Finally, we observe that eccentricity will be an important parameter while searching for continuous gravitational wave sources in binary systems. Recently, it was shown that searching for gravitational waves from such systems, whose locations are exactly known, is computationally feasible ͓25͔. For many such astrophysically interesting systems, we note that a post-Newtonian orbital description for generic orbits will be required.
The computation of the gravitational wave polarizations h ϩ and h ϫ in terms of the orbital phase and frequency of the binary was discussed by Lincoln and Will ͓26͔, using the method of osculating orbital elements from celestial mechanics and the 2.5PN accurate Damour-Deruelle equations of motion ͓27,28͔. They studied the evolution of general orbits and obtained 1PN accurate expressions for h ϩ and h ϫ for quasi-circular orbits. Later Moreno-Garrido, Mediavilla and Buitrago obtained polarization waveforms for binaries in elliptical orbits at Newtonian order with and without radiation reaction, studied the effects of orbital parameters and precession on gravitational wave amplitude spectrum and implications for data analysis ͓29,30͔. Analytic expressions for gravitational wave polarizations and far-zone fluxes, for elliptic binaries were obtained to 1.5PN order by Junker and Schäfer, and Blanchet and Schäfer ͓31,32͔. The 2PN accurate gravitational wave polarizations for inspiraling compact binaries moving in quasi-circular orbits was given by Blanchet, Iyer, Will and Wiseman ͓8͔. For the above calculation they employed the 2PN accurate expressions for h i j TT , the transverse traceless part of the radiation field representing the deviation of the metric from the flat spacetime and (dE/dt), the far-zone energy flux obtained independently using two different formalisms ͓33,9-11͔. In the limiting case of a test particle orbiting a Schwarzschild black hole, perturbative calculations are extended to very high PN order. For example, in the case of very small mass ratios, polarization waveforms are obtained to 4PN order ͓34͔. For the case of spinning compact objects in circular orbits, precessional, non-precessional and dissipative effects on the gravitational waveform due to spin-orbit and spin-spin interactions were studied extensively ͓35-38͔. We note that using the framework we employ here it may be possible to extend results of these papers to compact binaries of arbitrary mass ratio moving in elliptical orbits.
The basic aim of this paper is to obtain the instantaneous 2PN corrections to the ''plus'' and ''cross'' polarization waveforms for compact binaries of arbitrary mass ratio moving in elliptical orbits starting from the corresponding 2PN contributions to h i j TT ͓11,39͔. As emphasized in ͓7͔, the gravitational wave observations of inspiraling compact binaries, is analogous to the high precision radio-wave observations of binary pulsars. The latter makes use of an accurate relativistic ''timing formula'' based on the solution-in quasiKeplerian parametrization-to the relativistic equation of motion for a compact binary moving in an elliptical orbit ͓40͔. In a similar manner, the former demands accurate ''phasing,'' i.e. an accurate mathematical modeling of the continuous time evolution of the gravitational waveform. This requires for elliptical binaries, a convenient solution to the 2PN accurate equations of motion. A very elegant 2PN accurate generalized quasi-Keplerian parametrization for elliptical orbits has been implemented by Damour, Schäfer, and Wex ͓41-44͔. This representation is thus the most natural and best suited for our purpose to parametrize the dynamical variables that enter the gravitational waveforms. The complete 2PN accurate expressions for h ϩ and h ϫ consists of the ''instantaneous'' contribution computed here supplemented by tail contributions at 1.5PN and 2PN orders. The tail computations are not considered here; they must be computed and included in the future.
The paper is organized as follows. In Sec. II, we present the details of the computation to obtain ''instantaneous'' 2PN corrections to h ϩ and h ϫ for inspiraling compact binaries moving in elliptical orbits. Section III deals with the influence of the orbital parameters on the waveform. Section IV comprises our concluding remarks.
II. THE 2PN GRAVITATIONAL WAVE POLARIZATION STATES
To compute the two independent gravitational wave polarization states h ϩ and h ϫ , one needs to choose a convention for the direction and orientation of the orbit. We follow the standard convention of choosing a triad of unit vectors composed of N, a unit vector along the radial direction to the observer, p, a unit vector along the line of nodes, which coincides with y-axis and q, defined by qϭNϫp ͑see Fig.  1͒ . The angle between N and the Newtonian angular momentum vector which lies along z-axis defines the inclination angle i of the orbit. The orbital phase is measured from the positive x-axis in a counter clockwise sense, restricting the values of i from 0 to 1 2 . The two basic polarization states h ϩ and h ϫ are given by
where h i j TT is the transverse-traceless ͑TT͒ part of the radiation field representing the deviation of the metric from the flat spacetime.
From Eqs. ͑2.1a͒,͑2.1b͒ it is clear that the explicit computation of 2PN corrections to h ϩ and h ϫ requires the following: ͑a͒ The 2PN corrections to h i j TT , generally given in terms of the dynamical variables of the binary, namely v 2 ,G m/r,ṙ ,n i ,v i ,N•n,N•v, where r and v are respectively, the relative position and velocity vectors for the two masses m 1 and m 2 in the center of mass frame, rϭ͉r͉,vϭ͉v͉,n ϭr/r,ṙ ϭdr/dt and mϭm 1 ϩm 2 . The unit vector N lies along the radial direction to the detector and is given by N ϭR/R, R being the radial distance to the binary; and ͑b͒ a 2PN accurate orbital representation for elliptical orbits to parametrize these dynamical variables.
Before explaining in detail the procedure to compute 2PN contributions to h ϩ and h ϫ , we will first illustrate that computation by presenting in detail the Newtonian computations for h ϩ and h ϫ .
A. The Newtonian GW polarizations
At the leading Newtonian order, we have
where P i jkm (N) is the usual transverse traceless projection operator projecting normal to N, v i j ϭv i v j , n i j ϭn i n j ; and is the reduced mass of the binary, given by m 1 m 2 /m. Note that the above contribution arises from the mass quadrupole moment of the binary.
There is no need to apply the TT projection in Eq. ͑2.2͒, and Eqs. ͑2.1a͒,͑2.1b͒ at the leading order gives
͑2.3b͒
The convention we adopted to define the triad of unit vectors implies pϭ(0,1,0), qϭ (Ϫcos i,0,sin i) , N ϭ(sini,0,cosi), nϭ(cos,sin,0), and vϭ(ṙ cosϪr sin, ṙ sin ϩr cos ,0), where ϭd/dt. With these inputs, Eqs. ͑2.3a͒,͑2.3b͒ become
The orientation of unit vectors, which defines ϫ and ϩ polarization waveforms. The unit vectors p and q are the gravitational wave's principal axes with qϭNϫp. Note that N is a unit vector lying along the radial direction to the detector and p lies along the line of nodes. The Newtonian angular momentum vector Lϭrϫv is normal to the orbital plane and helps to define orbital inclination angle i. In this paper, the origin for ϭϩW is ϩve x-axis, hence it is related to BIWW by ϭ BIWW Ϫ/2.
Ϫ2ṙ r cos 2 ͮ ,
͑2.4b͒
where ϭ/m and C and S are shorthand notations for cos i and sin i. When dealing with elliptical orbits, it is convenient and useful to use a representation to rewrite the dynamical variables r,ṙ , and in terms of the parameters describing an elliptical orbit. For example, in Newtonian dynamics, the Keplerian representation in terms of eccentricity, semi-major axis, eccentric, real and mean anomalies is a convenient solution to the Newtonian equations of motion for two masses in elliptical orbits. The Keplerian representation reads rϭa͑1Ϫe cos u ͒, ͑2.5a͒
where u,l,v are the eccentric, mean and real anomalies parametrizing the motion and the constants a,e,n,t 0 , 0 represent semi-major axis, eccentricity, mean motion, some initial instant and the orbital phase corresponding to that instant respectively. These constants which characterize a given eccentric orbit may be expressed, at the Newtonian order, in terms of the conserved energy E and angular momentum per unit reduced mass ͉J͉ as
with hϭ͉J͉/G m. Note that nϭ2 /T, where T is the orbital period.
In the case of circular orbits eϭ0 and vϭuϭl, is thus a linearly increasing function of time and ṙ ϭ0, ϭn ϭ2 /T. The polarizations are uniquely given by the straightforward substitutions of these simple limiting forms. The only residual choice is whether one uses the gaugedependent variable ␥ϭG m/c 2 r or the gauge-independent variable xϭ(mF GW ) 2/3 . The situation is more involved in the case of general orbits even at the leading Newtonian order. Indeed, if e 0, then v u l, v(u) and u are more complicated functions of l and thus is not a simple linearly increasing function of time. This is why a straightforward representation of the polarizations in terms of v and u or even a more involved one in terms of u only, which may be obtained by explicit elimination of v, is inadequate. The clue to the correct description follows from the analysis of Damour ͓45͔ for the 2PN accurate equations of motion of a compact binary. Here it was shown that the basic dynamics can be represented as a function of two variables 2 and l and be 2 -periodic in both of them. The GW polarizations will inherit this double periodicity and we shall crucially exploit it as follows: We will split into a part linearly increasing with time and the remaining part denoted by W(l) which is a periodic function of l:
where and W(l) are given by
W͑l ͒ϭ"v͓u͑ l ͔͒Ϫu͑ l ͒ϩe sinu͑l ͒….
͑2.8b͒
It is worth emphasizing following ͓45͔ that though one could consider to be a function of l given by ϭ 0 ϩl, it is more advantageous to consider and consequently the GW polarizations to be independently periodic in both and l.
With this observation, as we will see below, it is natural to split the and W(l) dependence in the polarization and consider the dependence as representing the harmonic time dependence and the W(l) term as representing the time varying amplitude modulation ͑''nutation''͒. This clean separation also facilitates a simple and precise treatment of the spectral decomposition of the GW polarizations as shown in Sec. III. Finally, we note that this decomposition is not just appropriate to discuss effects of eccentricity on the Newtonian waveform and the periastron precession at 1PN order but powerful enough to analyze all PN effects up to the 2PN order. Armed with the above important conceptual input, the computation of h ϩ and h ϫ involves a routine, albeit lengthy algebra. It is straightforward to obtain Newtonian expressions for r, ṙ and in terms of n, e and u using Eqs. ͑2.5a͒-͑2.5d͒,͑2.6a͒-͑2.6c͒ and relations for E and h 2 , given at Newtonian order by (Ϫ2 E)ϭ(G m n)
͑2.9c͒
Using Eqs. ͑2.9a͒-͑2.9c͒ and splitting as ϭ ϩW(l) in Eqs. ͑2.4a͒,͑2.4b͒, we obtain, after some manipulation, We observe that terms like sin2 W sin 2, cos 2 W cos 2 , and cos 2 W sin 2 , sin 2 W cos 2 are generated respectively from cos 2 and sin 2 terms in Eqs. ͑2.4a͒,͑2.4b͒ due to the ϭWϩ split. The circular limit of Eqs. ͑2.10a͒,͑2.10b͒, obtained by putting eϭ0, agrees with the Newtonian terms in Eqs. ͑2͒, ͑3͒ and ͑4͒ of ͓8͔.
B. The 2PN GW polarizations
The computation of 2PN corrections to h ϩ and h ϫ is similar in principle to the Newtonian calculation. However, there are subtleties and technical details which will be presented, in some detail, below.
From the Newtonian calculations, it is easy to note that we require a 2PN accurate orbital representation for computing 2PN corrections to h ϩ and h ϫ . We employ the most Keplerian-like solution to the 2PN accurate equations of motion, obtained by Damour, Schäfer, and Wex ͓42-44͔, given in the usual polar representation associated with the Arnowitt-Deser-Misner ͑ADM͒ coordinates. It is known as the generalized quasi-Keplerian parametrization and represents the 2PN motion of a binary containing two compact objects of arbitrary mass ratio, moving in an elliptical orbit. The relevant details of the representation is summarized in what follows.
Let r(t),(t) be the usual polar coordinates in the plane of relative motion of the two compact objects in the ADM gauge. The radial motion r(t) is conveniently parametrized by rϭa r ͑ 1Ϫe r cos u ͒, ͑2.11a͒
where u is the ''eccentric anomaly'' parameterizing the motion and the constants a r , e r , e t , n and t 0 are some 2PN semi-major axis, radial eccentricity, time eccentricity, mean motion, and initial instant respectively. The angular motion (t) is given by
where vϭ2 tan
͑2.12b͒
In the above v is some real anomaly, 0 ,k,e are some initial phase, periastron precession constant, and angular eccentricity respectively. The main difference between the relativistic orbital representation and the non-relativistic one is the appearance of three eccentricities e r , e t , and e compared to one eccentricity in the Newtonian case. However, these eccentricities are related. The explicit expressions for the parameters n, k, a r , e t , e r , e , f t , g t , f and g in terms of the 2PN conserved energy and angular momentum per unit reduced mass are given by Eqs. ͑38͒ to ͑48͒ of ͓44͔. Though the three eccentricities are related, there is the question of selecting a specific one to present the polarizations. We have chosen to present polarization waveforms in terms of e t since it explicitly appears in the equation relating l to u, which we will numerically invert while computing its power spectrum. The question whether, as in pulsar timing, there is a particular combination of the three eccentricities ''a good eccentricity'' in terms of which expressions take familiar Newtonianlike forms is interesting and open.
Exactly as in the Newtonian case, at 2PN order too, one can split into two parts; a part linearly increasing with time and a part W(l) periodic in l but with a more complicated time variation: ϭϩW͑l͒, ͑2.13a͒
͑2.13b͒
W͑l ͒ϭ ͩ 1ϩ
Note that complicated 2PN corrections to and W(l) also include k that represents the periastron advance. Using Eqs. ͑2.11a͒,͑2.11b͒,͑2.12a͒,͑2.12b͒, and Eqs. ͑38͒ to ͑48͒ of ͓44͔, it is straightforward to obtain the 2PN accurate expressions for the dynamical variables in terms of ϭG m n/c 3 , e t and u, using the following relations, easily derivable from Eqs. ͑38͒ to ͑48͒ of ͓44͔ 
Ϫ2
e ϭe t ͭ 1ϩ 2/3 ͑ 4Ϫ ͒ϩ 4/3 96͑1Ϫe t 2 ͒ 3/2 ͓"Ϫ͑ 1152Ϫ656 ϩ41 2 ͒e t 2 ϩ1968Ϫ1088 Ϫ4 2 … ϫͱ1Ϫe t 2 ϩ͑720Ϫ288 ͒͑1Ϫe t 2 ͔͒ ͮ , ͑2.14d͒ e r ϭe t ͭ 1ϩ 2/3 2 ͑ 8Ϫ3 ͒ϩ 4/3 24͑1Ϫe t 2 ͒ 3/2 ͓"Ϫ͑ 288Ϫ242 ϩ21 2 ͒e t 2 ϩ390Ϫ308 ϩ21 2 … ϫͱ1Ϫe t 2 ϩ͑180Ϫ72 ͒͑1Ϫe t 2 ͔͒ ͮ .
͑2.14e͒
Using Eqs. ͑2.14a͒-͑2.14e͒ in Eqs. ͑2.11a͒,͑2.11b͒ and ͑2.12a͒,͑2.12b͒, we obtain after some lengthy algebra, expressions for r,ṙ ϭdr/dtϭ(dr/du)(du/dt),ϭϩW(l) and ϭ(d/dv)(dv/du)(du/dt), in terms of ϭG m n/c 3 ,e t ,u, . . . given by 
͑2.15f͒
Note that the above 2PN accurate expressions for and W(l) in terms of ,e t , etc. are explicitly needed to explore the spectral decomposition of the polarization waveforms. They are not meant to be explicated in the 2PN expressions for h ϩ and h ϫ , in terms of and W(l) in Eqs. ͑2.24a͒-͑2.24e͒ and ͑2.25a͒-͑2.25e͒.
The 2PN corrections to h ϩ and h ϫ , in a form similar to Eqs. ͑2.10a͒,͑2.10b͒, are obtained using Eqs. ͑2.1a͒,͑2.1b͒. However, we need the 2PN corrections to h i j TT in ADM coordinates, as the parametric expressions for r, ṙ , and the ϭϩW(l) split, given by Eqs. ͑2.15a͒-͑2.15f͒, are in the ADM gauge. However, the 2PN corrections to h i j TT , given by Eqs. ͑5.3͒ and ͑5.4͒ of ͓39͔, are available only in harmonic (de Donder) coordinates. Using, in a straightforward manner, the transformation equations of Damour and Schäfer ͓46͔ to relate the dynamical variables in the harmonic and the ADM gauge, we obtain the 2PN accurate instantaneous contributions to h i j TT in the ADM gauge. For completeness, we list below the relevant transformation equations relating the harmonic ͑de Donder͒ variables to the corresponding ADM ones,
͑2.16d͒
The subscripts ''D'' and ''A'' denote quantities in the de Donder ͑harmonic͒ and in the ADM coordinates respectively. Note that in all the above equations the differences between the two gauges are of 2PN order. As there is no difference between the harmonic and the ADM coordinates to 1PN accuracy, no suffix is used in Eqs. ͑2. ,ṙ A ,r A respectively. The ''corrections'' represent the differences at the 2PN order, that arise due to the change of the coordinate system, given by Eqs. ͑2.16a͒-͑2.16d͒. As the two coordinates are different only at the 2PN order, the ''corrections'' come only from the leading Newtonian terms in Eqs. ͑5.3͒ and ͑5.4͒ of ͓39͔
͑2.17͒
To check the algebraic correctness of the above transformation, we compute the far-zone energy flux directly in the ADM coordinates using
After a careful use of the transformation equations, the expression for (dE/dt) A calculated above, matches with the expression for the far-zone energy flux, Eq. ͑4.7a͒ of ͓39͔ obtained earlier. This provides a useful check on the transformation from (h i j TT ) D to (h i j TT ) A . We now have all the inputs required to compute the 2PN corrections to h ϩ and h ϫ in terms of a elegant and convenient parametrization using Eqs. ͑2.1a͒,͑2.1b͒. As mentioned in ͓11,39͔, there is no need to apply the TT projection to (h i j TT ) given by Eq. ͑2.17͒ before contracting with p and q, as required by Eqs. ͑2.1a͒,͑2.1b͒. Thus, we schematically write
The polarization states h ϩ and h ϫ , for Eqs. ͑2.19͒ are given by
Before proceeding to a lengthy but straightforward computation of the ''instantaneous'' 2PN accurate polarizations h ϩ and h ϫ , we anticipate the structure of the final result by schematically examining the functional forms in the intermediate steps of the above calculation. The polarizations in terms of have the form
In the above and what follows (•••) denotes a dependence on variables e t , n, m 1 , m 2 , i and u. The structure of the PN expansion of the coefficients ␣ i j above is the following:
␣ nn has a similar expansion. ␣ nv also has a similar expansion but the leading order term is of order 1/c. Using this information about the functional dependence on and elementary trigonometry one can infer in detail the harmonics of appearing at each order and consequently the and W(l) dependence on display in Eqs. ͑2.24a͒-͑2.24e͒ and ͑2.25a͒-͑2.25e͒ below. The ''instantaneous'' 2PN accurate polarizations h ϩ and h ϫ in terms of ϭG m n/c 3 ,m,,e t and sines and cosines of ,W(l),u(l) and i, using Eqs. ͑2.20a͒,͑2.20b͒, ͑2.19͒, ͑2.15a͒-͑2.15f͒ and ͑2.13a͒-͑2.13c͒ are finally written as
where the curly brackets contain a post-Newtonian expansion. The expressions for various post-Newtonian terms in the ''plus'' and ''cross'' polarizations are shown below in a form emphasizing the harmonic content and the corresponding amplitude modulation. The various post-Newtonian corrections to the ''plus'' polarization are given by are a trivial trigonometric consequence of the ϭϩW split in the expression for GW polarizations in terms of .
To compare with the earlier 2PN accurate gauge independent expressions for h ϫ and h ϩ for binaries in circular orbits, we proceed as follows. First, we set e t ϭ0 in Eq. ͑2.23͒ and rewrite the resulting expressions for h ϩ and h ϫ in terms of the ''gauge independent'' orbital angular frequency for circular orbits. The 2PN accurate relation connecting the mean motion n to may be derived from Eqs. ͑39͒, ͑44͒ and ͑46͒ of ͓44͔ and it reads
͑2.28͒
where ϭG m /c 3 . Next, we use the following angular transformation relation ϵϩW(l)ϭ( BIWW Ϫ/2), where BIWW the orbital phase variable appearing in ͓8͔. The expressions for h ϫ and h ϩ thus obtained agree ͓47͔ with Eqs. ͑2͒, ͑3͒ and ͑4͒ of ͓8͔ modulo the tail terms.
All the computations to obtain Eq. ͑2.23͒ are performed using MAPLE ͓48͔. This completes the calculation of the 2PN accurate GW polarizations for compact binaries moving on elliptic orbits, modulo the tail terms.
3 Though in principle the required equations for the tails are available in ͓32͔, the explicit expressions for the tail contribution to h ϫ and h ϩ for eccentric binaries have not been obtained. As mentioned earlier, this should be computed and included to write down the complete 2PN polarizations.
III. INFLUENCE OF THE ORBITAL PARAMETERS ON THE WAVEFORM
In this section, we investigate the dominant effects of eccentricity, orbital inclination and other orbital elements on h ϫ (t) and h ϩ (t). For this purpose, the one sided power spectral density of the Newtonian contributions to the polarization waveforms are computed, by taking the squaredmodulus of their respective discrete Fourier transforms, sampled over an orbital period. The results thus describe the influence of orbital elements on the power spectrum of Newtonian waveforms when gravitational radiation-reaction is negligible and referred to here as a ''non-evolving'' waveform.
To relate earlier studies done at Newtonian order to the present one, we proceed in two stages. In the first instance, to compare with the results of ͓29,30͔, the orbital motion is restricted to the leading Newtonian order, and the periastron advance is mimicked by the introduction of an arbitrary constant shift parameter k in the variable. In the second case, the orbital motion is taken to be 2PN accurate. In this case, the periastron advance is fully included in the formalism and explicitly defined in terms of the binary's parameters like the masses and eccentricity. In both the cases mentioned above, only the leading Newtonian part of the GW polarizations is considered.
Let us begin with the ''ϫ'' polarization. For the ease of presentation, h ϫ N , the Newtonian part of h ϫ (t), is written compactly below as
where A 2S (l)ϵA 2S "u(l)…ϭX C2S2 0 cos2W(l)ϩX S2S2 0 sin2W(l), and A 2C (l)ϵA 2C "u(l)…ϭX C2C2 0 cos2W(l)ϩX S2C2 0 sin2W(l). Note that A 2S (l) and A 2C (l) are real and periodic functions of l with period given by 2/n. The spectral analysis of h ϫ will be performed using H ϫ (0) , the scaled ϫ polarization waveform, because since we are dealing with non-evolving
3 ) 2/3 essentially remains a constant over a few orbital periods. Similar arguments hold for h ϩ too.
A. Newtonian orbital motion
In this section, we restrict the dynamics of the binary to Newtonian order. This implies we are using Eqs. ͑2.8a͒,͑2.8b͒ for and W(l) in the ϭϩW(l) split. However, following ͓29,30͔, we introduce an arbitrary periastron advance parameter k into the definition of so that ϭ 0 ϩ(1ϩk)l and W(l)ϭ(vϪuϩe sin u)(1ϩk). Note that with these forms for and W(l), the scaled GW polarization waveforms are entirely specified by e, k and 0 .
As mentioned earlier, A 2S (l) and A 2C (l) are periodic functions of lϭn(tϪt 0 ), where nϭ2 f r , f r being the frequency associated with the ''radial period'' ͓42͔ i.e. the time of return to the periastron. Consequently, they can be expanded in Fourier series as follows:
͑3.2b͒
Employing Eqs. ͑3.2a͒,͑3.2b͒ and ϭ 0 ϩ(1ϩk)l, in Eqs. ͑3.1a͒,͑3.1b͒, we get
where
3 A C or FORTRAN version of the above h ϫ and h ϩ expressions is available on request from gopu@wugrav.wustl.edu
Equation ͑3.3͒ may be re-written as
͑3.5͒
Recalling lϭn(tϪt 0 ), with nϭ2 f r , the frequency content and the associated intensities may be read off from the above. From Eq. ͑3.5͒, it follows that the Fourier spectrum of H ϫ (0) (l) consists of lines at frequencies j ϩ f r and j Ϫ f r with powers (͉S j ͉ 2 ϩ͉C Ϫ j ͉ 2 ) and (͉S Ϫ j ͉ 2 ϩ͉C j ͉ 2 ) respectively. Using the reality of 0 , A 2S and A 2C , though S j and C j are complex numbers, it is easy to show that ͉S j ͉ 2 ϭ͉C Ϫ j ͉ 2 implying that power in the line with frequency j ϩ f r will be 2͉S j ͉ 2 . Similarly, ͉C j ͉ 2 ϭ͉S Ϫ j ͉ 2 , and power in the j Ϫ f r line is 2͉C j ͉ 2 . Thus, the Fourier series for Newtonian part of h ϫ effectively reduces to
The ''one sided power spectrum'' for the Newtonian h ϫ may be written as
͑3.7͒
where explicitly the sum is over positive frequencies. In the generic case, the j ϩ ϭ( jϩ2 p) part gives lines at frequencies (1ϩ2 p) f r ,(2ϩ2 p) f r ,(3ϩ2 p) f r , . . . with strengths ϳ͉S 1 ͉ 2 ,͉S 2 ͉ 2 ,͉S 3 ͉ 2 , . . . respectively. Similarly, the j Ϫ ϭ( j Ϫ2 p) part of Eq. ͑3.6͒ creates lines at frequencies (1 Ϫ2 p) f r ,(2Ϫ2 p) f r ,(3Ϫ2 p) f r , etc. with strengths proportional to ͉C 1 ͉ 2 ,͉C 2 ͉ 2 ,͉C 3 ͉ 2 , etc. respectively. There will be also a line at frequency 2 p f r with strength ϳ͉S 0 ͉ 2 ϭ͉C 0 ͉ 2 ͓49͔. These observations are easy to understand. At Newtonian order, in the absence of the periastron precession, i.e. kϭ0, there is only one time scale in the problem, given by the orbital period and the spectrum consists of lines at multiples of the orbital frequency. When periastron precession is introduced, k 0, a second slower time scale enters the problem, which splits and shifts original spectral lines from their earlier positions, thereby lifting the degeneracy associated with the non-precessing orbit.
A caveat is worth noting: The discussion after Eq. ͑3.7͒ is valid only if all the terms corresponding to frequencies ( j s ϩ2p) f r and (͉ j c Ϫ2p͉) f r are linearly independent, where j c and j s are summation index j for C j and S j . This is in general true except when j s ϩ2 pϭ͉ j c Ϫ2 p͉, which corresponds to values of k equal to 0, 0.25 and 0.5 ͓50͔. For these values of k, power in a given spectral line will have contributions both from C j and S j for different values of j given by j c Ϫ j s Ϫ4ϭ4 k. These special values of k are interesting in that they can provide useful checks on the numerical accuracy of the analytical procedure outlined above. This is because for values of kϭ0,0.5,0.25, the full time domain waveform ͓and not just the parts A 2S (l),A 2C (l)] H ϫ 0 (l) is exactly periodic over 2, 2 and 4 intervals respectively. Consequently, one may alternatively compute the desired power spectrum by a direct Fourier transform of the full H ϫ (0) (l), without going via Eq. ͑3.7͒, which exploits double periodicity of in l and . Similar arguments hold true for the ϩ polarization.
It is clear from Eq. ͑3.7͒ that the strengths of the different Fourier components are determined by the coefficients C j and S j which are given in terms of C j and S j , the discrete Fourier transforms of A 2C (l) and A 2S (l). 4 This has become possible since we have exploited the double-periodicity of the motion in angles l and . Thus the calculation reduces to the numerical implementation of S j and C j which we turn to next.
Though the power spectrum for the Newtonian part of h ϫ can be obtained using Eq. ͑3.7͒, its implementation is not straightforward due to following reasons. First, the discrete Fourier transforms C j and S j can be evaluated using standard fast Fourier transform routines as in Numerical Recipes ͓51͔ only after A 2S and A 2C are written as explicit functions of l. However, in our analysis they are explicit functions of u and thus implicit functions of l via lϭuϪe sin u. Consequently, we must first compute u(l) and substitute it in Eqs. ͑3.1a͒,͑3.1b͒ to proceed. Secondly, W(u)ϭ(vϪuϩe sin u) will not be a smooth function of u if we numerically implement vϭ2 tan Ϫ1 ͕"(1ϩe)/(1Ϫe)… 1/2 tan(u/2)͖. We will also need to use a smooth functional relation connecting v and u to obtain a well behaved H ϫ 0 (u(l) and H ϩ 0 (u(l). Let us first consider the implementation of u(l). There are two independent ways to obtain u(l) from lϭuϪe sin u. The first method is widely used, for analytical treatments, in standard textbooks of celestial mechanics ͓52͔. The idea here is to expand the eccentric anomaly u in terms of the mean anomaly l. At the Newtonian order, it is given by
͑3.8͒
where J s (s e) is the Bessel function of the first kind of order s with sу1.
Alternatively, we can numerically invert Eq. ͑2.5͒ connecting the mean and eccentric anomalies, using the NewtonRaphson method implemented by RTSAFE routine of Numerical Recipes ͓51͔, and obtain u(l). We compute u(l) using both methods to make sure that they give consistent results, for the parameter values we are dealing here.
We now turn to the numerical implementation of W(u). In textbooks of celestial mechanics, the transcendental relation connecting true and eccentric anomalies is expressed as a series given by
͑3.9͒
where ␤ϭ(1/e)(1Ϫͱ1Ϫe 2 ). We use the above expansion of vϪu in W(u)ϭvϪuϩe sin u to circumvent artificial discontinuities in W(u) as a function of the eccentric anomaly u.
Using the above inputs, we compute u(l) and W"u(l)… at a finite number of points by sampling l. Next, we use the REALFT routine of ͓51͔ to compute the discrete Fourier transforms S j and C j of the discretely sampled periodic functions A 2S (l) and A 2C (l). We then compute the ''one sided power spectrum'' for the Newtonian h ϫ using Eq. ͑3.7͒ for various values of e, k and i. We now have all the inputs to investigate the influence of orbital elements on the Newtonian part of the ϫ polarization waveform. The results and discussions are postponed to the end of this section.
The spectral analysis for h ϩ is similar to that for h ϫ and we only quote the main results without any further details:
where P 1 ϭP C2S2 0 cos 2 WϩP S2S2 sin 2 W, P 2 ϭP C2C2 cos 2 W ϩP S2C2 sin 2 W and P 0 ϭP 0 ϭ(1ϪC 2 )e cos u(1Ϫe cos u). The Fourier series for Eq. ͑3.10͒ is given by
where S j ϩ and C j ϩ are defined similar to S j and C j but with A 2S and A 2C replaced by P 1 and P 2 . Similarly, P j 0 is the discrete Fourier transform of P 0 (l). Using arguments similar to the ones used for the H ϫ 0 analysis, we relate S j ϩ , C Ϫ j ϩ and S Ϫ j ϩ , C j ϩ and obtain the ''one sided power spectrum'' for Newtonian h ϩ as
From Eq. ͑3.12͒, it follows that for the ''ϩ'' polarization there will be lines at frequencies 0,2p f r ,͉1Ϫ2 p͉ f r , f r ,(1 ϩ2 p) f r , ͉2Ϫ2 p͉ f r ,2 f r ,(2ϩ2 p) f r , . . . with relative strengths ϳ,
. . respectively. Note that there are lines unaffected by introduction of k. These arise from the nonterm in H ϩ 0 (l). The values of kϭ0,0.25,0.5 are special and require a treatment analogous to the corresponding one in the cross polarization case.
Using the above inputs, we plot the time-domain waveforms H ϫ,ϩ 0 (l) and the associated normalized relative power spectrum (H ϫ,ϩ (0) Figs. 2-6. The combined influence of the orbital parameters like eccentricity e, periastron advance parameter k and orbital inclination i, on the time-domain waveform and the associated power spectrum of the Newtonian h ϫ and h ϩ using Newtonian accurate orbital motion is summarized below.
Eccentricity, e. The effects of e on H ϫ 0 are explored in Fig. 2 . In the limit of low values of eccentricity e, as expected, the dominant contribution to the power spectrum, comes from the second harmonic. However, as the eccentricity e increases, higher harmonics appear in the spectrum with comparable strengths. For a given value of the periastron advance k and inclination angle i, the position of the dominant harmonic changes as the value of e increases. The shape of the waveform also changes significantly as we increase e. For moderate and high values of e there is a stronger burst of radiation near values lϭ0 and 2 corresponding to the periastron passage, since near the periastron, the two masses are closest to each other and their relative velocity is a maximum. In the frequency domain this results in the broad peak containing many frequencies. The line feature in the frequency domain on the other hand corresponds to the average orbital motion of the binary.
The ''arbitrary'' periastron advance parameter, k. The observation made here are based on Fig. 3 . A careful inspection of H ϫ,ϩ 0 (l) with k 0 indicates that in general they are not 2 periodic. This is expected as k is a measure of the angle of return to the periastron. As mentioned earlier, in the power spectrum, the main effect of including an arbitrary k is a ''splitting'' and subsequent ''shifting'' of the position of each spectral line from its integer multiple value in units of f r , the radial frequency. The shift is appreciable for medium and high eccentricities and leads to a shift of the dominant harmonic in the spectrum.
Orbital inclination, i. A change in the orbital inclination changes only the magnitude of H ϫ 0 and its power spectrum, keeping the relative distribution of spectral lines the same. This is easy to see as the dependence of orbital inclination angle i is easily factored out in the expression for h ϫ . However, the shape of H ϩ 0 and its power spectrum is influenced by i as seen in Fig. 4 .
If the polarizations of the gravitational wave h ϫ and h ϩ are available, the orbital inclination can be inferred by computing the ratio of the total power measured in each polarization. For circular orbits, the result analytically follows since ͉h ϫ N ͉ 2 /͉h ϩ N ͉ 2 is only a function of i and is given by 4 cos 2 i/(1ϩcos 2 i) 2 . In the general eccentric case, to explore this, we plot ͉h ϫ N ͉ 2 /͉h ϩ N ͉ 2 as a function of i for various values of the e and k in Fig. 5 . The plots are identical for different values of e and k but vary with the inclination angle providing support for the claim made in the beginning of this paragraph.
Even though in general, an arbitrary periastron advance parameter k at Newtonian order destroys the 2-periodicity of H ϫ,ϩ 0 (l), we may choose k values exactly equal to 0 or 0.5 so that H ϫ 0 (l) is still 2 periodic. These particular values of k allow us to perform useful numerical checks on our analytical procedure. In this case, we can compute the power spectrum directly from H ϫ 0 (l) by numerically implementing the discrete Fourier transform of Eqs. ͑3.1a͒,͑3.1b͒. We can also implement Eq. ͑3.7͒ to obtain the power spectrum, after adding contributions from various C j and S j to a given harmonic, which is now some integer multiple of the radial frequency, f r . The results are displayed in Fig. 6 . For better comparison, in these figures, we normalize relative to the power in the dominant harmonic rather than relative to the total power as in other figures. We next choose kϭ0.25, so that H ϫ 0 (l) is now 4 periodic. Again, comparison with the power spectrum computed directly from Eqs. ͑3.1a͒,͑3.1b͒ and via Eq. ͑3.7͒ is possible. The results for kϭ0, 0.25 and 0.5 via these two methods are compared and found to be identical up to numerical errors as seen in Fig. 6 , providing important checks on our analysis and routines that compute the one sided power spectrum via Eq. ͑3.7͒. We observe a similar behavior for H ϩ 0 .
B. The 2PN accurate orbital description
The spectral analysis discussed in the previous section may be extended to 2PN accurate orbital motion with minor technical modifications. The expressions for W(l) and in the ϭϩW(l) split are now given by Eqs. ͑2.13a͒-͑2.13c͒. Moreover, the orbital elements appearing in H ϫ (0) and H ϩ (0) are now 2PN accurate. These changes will modify expressions for S j , C j in Eq. ͑3.7͒ for the ''ϫ'' waveform and the corresponding expressions for the ''ϩ'' waveform. as a function of the mean anomaly, l and the corresponding normalized relative power spectrum using Newtonian orbital motion, for various values of eccentricity e. Note in H ϫ 0 (l) a ''burst'' of GW emission near periastron passage and a shift in the position of the dominant harmonic in the power spectrum as e increases. In the Fourier domain, the former results in a broad frequency rich peak. In all panels, the ͑arbitrary͒ periastron precession constant and the orbital inclination angle take values 0.1 and /3 respectively. Fig. 2 , but in the panels, k, the ͑arbitrary͒ periastron precession constant is varied for fixed eccentricity eϭ0.5 and orbital inclination angle iϭ/3. Note the splitting and shifting of spectral lines from integer multiple values of f r as k is increased.
FIG. 3. The configuration is similar to
To implement the 2PN accurate spectral analysis, we note the following: First, at the 2PN level the simpler approach to obtain the u(l) relation, connecting the mean and eccentric anomalies, is to numerically solve for u(l) from Eqs. ͑2.11a͒,͑2.11b͒ because 2PN accurate analytic expression for u(l) similar to Eq. ͑3.8͒ is not available in the literature. However, we may employ Eq. ͑3.9͒ with e in the place e to get vϪu at 2PN order. This is because in the generalized quasi-Keplerian representation, the relation connecting true anomaly v to eccentric anomaly u has the same structural form as for the Keplerian case. Secondly, there are postNewtonian corrections to the relations connecting e r and e to e t , m 1 , m 2 and n. In our analysis, only those values of e t are considered which lead to e ,e r less than one. Finally, in this 2PN accurate orbital description, the periastron precession constant k is no longer arbitrary but uniquely determined by m 1 , m 2 , n and e t as given by in Eqs. ͑2.14a͒-͑2.14e͒.
We explore the effects of 2PN accurate orbital motion on the power spectrum for ''ϫ'' polarization in Figs. 7 and 8. In Fig. 7 , we explore the influence of e t on the relative power spectrum and the behavior is qualitatively similar to the Newtonian case. We explore, in Fig. 8 , the effect of changing values for k by varying m 1 , m 2 and n after fixing the value of e t . We see that the behavior is similar to the Newtonian case when we vary values of k for a given e. This is required as at 2PN order, for a given e t , k is uniquely determined by m 1 , m 2 and n. However, there are quantitative differences in that positions and strengths of various harmonics are different in the Newtonian and the 2PN cases.
A quantitative comparison between the spectral analysis with Newtonian and 2PN motion is presented in Figs. 9 and 10. Note that we can perform this comparison as we are using scaled polarization waveforms, H ϫ 0 and H ϩ 0 . In Fig. 9 , we plot both H ϩ 0 (l) and its power spectrum using Newtonian and 2PN accurate orbital motion. We choose the arbitrary   FIG. 4 . Plots of scaled GW polarization waveform, H ϩ 0 as a function of mean anomaly, l and its corresponding normalized relative power spectrum for Newtonian orbital motion, when the orbital inclination angle i is varied. In all frames, eccentricity eϭ0.5 and periastron precession constant, kϭ0.1.
FIG. 5.
The ratio of the total power measured in ϫ and ϩ polarization for Newtonian motion as a function of orbital inclination angle i for various values of periastron precession constant k and eccentricity e. From the plots, it is clear that the ratio is independent of the orbital elements like e and k.
parameter k, introduced in the Newtonian case to match the 2PN accurate k associated with the generalized quasiKeplerian representation. In this manner, we force orbital elements for Newtonian and 2PN dynamics to be the same. Though, qualitatively similar, the plots for the Newtonian and the 2PN orbital motion are quantitatively different in that strengths of spectral lines are different by a few parts in thousand in most cases.
Finally, in Fig. 10 , we plot H ϩ 0 (l) and its power spectrum as a function of orbital inclination angle for Newtonian and 2PN accurate orbital motion. The value of k for the Newtonian runs are again chosen so that it is comparable to the actual 2PN accurate k value. It is clear from these figures that inclusion of PN corrections to orbital motion changes distribution of spectral lines, though the position of the dominant ͑maximum amplitude͒ harmonic is roughly the same. This figure also shows how the orbital inclination angle i slowly modulates the spectral lines for Newtonian and 2PN orbital motion.
IV. CONCLUSIONS

A. Summary of results
In this paper we have computed all the ''instantaneous'' 2PN contributions to h ϩ and h ϫ for two compact objects of arbitrary mass ratio moving in elliptical orbits, using 2PN corrections to h i j TT and the generalized quasi-Keplerian representation for the 2PN motion. The expressions for h ϩ and h ϫ obtained here represent gravitational radiation from an elliptical binary during that stage of inspiral when orbital parameters are essentially the same over a few orbital periods, in other words when the gravitational radiation reaction is negligible. We investigate the effect of eccentricity, advance of periastron and orbital inclination on the power spec- FIG. 6 . Plots of H ϫ 0 l, A 2C (l), A 2S (l) as a function of mean anomaly, l and their relative power spectra constructed using Eq. ͑3.7͒ and directly using H ϫ 0 (l). The orbital motion is Newtonian accurate and we employ certain specific values of kϭ0, 0.5 and 0.25. The relative power spectra, plotted in third column, are numerically identical, hence indistinguishable. Note that plots in second column are always 2 periodic, while those in the first column are 2 , 2 and 4 periodic for kϭ0, kϭ0.5 and kϭ0.25 respectively. We also observe that for kϭ0, the relative power spectrum depends on the position of periastron 0 .
FIG. 7. Plots for scaled GW polarization waveform, H ϫ 0 (l) and corresponding normalized relative power spectrum using 2PN accurate orbital motion, for various values of e t . Unlike in Fig. 2 , the value of k cannot be independently chosen since it is uniquely determined by the values of m 1 , m 2 , n and e t . The observations from plots are similar to Fig. 2 , as variation in k is small compared to that in e t . In all frames, m 1 ϭm 2 ϭ1.4M ᭪ , orbital inclination angle i ϭ/3 and mean motion nϭ100 radians per second.
trum of the Newtonian part of h ϩ and h ϫ . The 2PN accurate generalized quasi-Keplerian representation is used in conjunction with two angular variables l and chosen to facilitate the subsequent analysis of the waveform evolving under gravitational radiation reaction. These expressions thus form the first step in the direction of obtaining ''ready-to-use'' theoretical templates for inspiraling compact bodies moving in quasi-elliptical orbits.
B. Future directions
There are several issues that remain open for further investigation. We list them below.
͑1͒ The next natural step is to obtain evolving h ϫ and h ϩ , when lowest order radiation reaction effects are included in the evolution of orbital elements. This is currently under investigation ͓14͔. ͑2͒ There are tail contributions to h ϩ and h ϫ appearing at 1.5PN and 2PN orders. Though the formal expressions for tail terms are available in ͓32,10͔, they need to be written down in a form similar to ''instantaneous'' contributions to h ϩ and h ϫ presented in this paper.
͑3͒ After computing ''ready-to-use'' search templates for inspiraling binaries in ''quasi-elliptical'' orbits, one will be able to address a variety of data analysis issues related to the observations of gravitational radiation from eccentric binaries in great detail. These could include defining a ''restricted post-Newtonian'' waveform, extending to 2PN accuracy the FIG. 8 . The configuration is similar to Fig. 7 , but in the panels we vary masses and mean motion to get the different values of k, rather than e. For all plots e t ϭ0.4 and iϭ/3. Qualitatively, conclusions are similar to Fig. 3 . Unit for n will be radians per second.
FIG. 9. Plots of scaled GW polarization waveform, H ϩ 0 (l) as a function of mean anomaly, l and corresponding normalized relative power spectrum for Newtonian and 2PN accurate orbital motion. Given e t , we vary values for m 1 , m 2 and n, to make k values the same in the 2PN and the Newtonian accurate orbital motion. In all frames, orbital inclination angle is /3. Panels in the 2nd and 4th rows are for Newtonian orbital motion, whereas panels in the 1st and 3rd rows are for 2PN accurate orbital motion. We see minor quantitative differences in the position and strength of spectral lines at these two orders.
effect of eccentricity on detection discussed in ͓29,53͔ where currently the orbital dynamics is restricted to leading Newtonian order only.
͑4͒ Finally, the analysis of the present paper may be useful for detecting continuous gravitational waves from known sources in binaries. Recent analysis ͓25͔ employing a Keplerian representation for the binary's orbital motion indicates that the computational cost required to search such sources is affordable. The present analysis and ͓14͔ may be crucial for including the relevant relativistic effects.
Note added in proof. We observe that the results of our spectral analysis are in agreement with Ref. ͓30͔ for low values of k. Since the effect of the periastron precession on the amplitude of spectral lines is not fully taken into consideration in Ref. ͓30͔, the strength of the spectral lines in our analysis differs from theirs, for high values of k. It should be noted that for a given k, both methods give the same frequency shift for spectral lines, for all values of k. FIG. 10 . Plots for the scaled GW polarization waveform, H ϩ 0 as a function of mean anomaly, l and the corresponding normalized relative power spectrum using 2PN and Newtonian accurate orbital motion. We vary the orbital inclination angle, i keeping other orbital elements constant at Newtonian and 2PN level. Conclusions are similar to Fig. 4 .
